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Abstract. We establish local to global results for a function space which is larger than the 
well known BMO space, and is also introduced by John and Nirenberg. 



1. Introduction 

The space of functions of bounded mean oscillation, abbreviated to BMO, is introduced by John 
and Nirenberg [11]. In the same paper, John and Nirenberg introduced a larger space of functions. 
As opposed to any BMO function, that has exponentially decaying distribution function, a function 
in this larger space is known to belong to a weak LT' -space, [11, Lemma 3]; the inclusion being 
strict, see [1, Example 3.5]. We extend this weak-type inequality to the case of John domains. 
The equivalence of local and global BMO norms is a rather well-known result, due to Reimann 
and Rychener [15]. We obtain the corresponding local to global result for the mentioned larger 
space of functions. 

Let G be a proper open subset of R"^, n > 1. The following condition was introduced in [11]: 
Let f : G ^ R. be a function in L^(G) and let us assume that there exists 1 < p < cxd such that 

(1.1) mG):=sup y IQI f -f |f(x) -fqldx) < oo , 

where the supremum is taken over all partitions V{G) of G into cubes such that Q C G for each 
Q G V{G), the interiors of these cubes are pairwise disjoint, and G = [JqeViG] Q- <^3" such 
partitions admissible. 

It is shown in [11, Lemma 3] that a function satisfying (1.1), with G being a cube Q in R"^, 
belongs to a weak LT'(Q)-space. More precisely, there exists a positive constant C, depending 
only on n and p, so that for all f G (Q), 

(1.2) ct^KxgQ: |f(x)-fQ|>a}|<C/C^(Q) 

for each ct > 0. We refer to [6, 17, 1] for other proofs of this result. We also mention papers 
[4, 5, 14] where a related discrete summability condition is studied. Moreover, in a recent paper 
[2] its relation to condition (1.1) is discussed. 
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Let US localize condition (1.1) in the following way. For a function f G LJq^(G), we define the 
number 

^UG] := sup y IQI ( -f If (x) - fQl dx 



Z iQiff 



where the supremum is taken over all partitions Pioc(G] of G into cubes such that for each 
Q G V\oc[G) a dilated cube AQ C G, with fixed A > 1, and these cubes have bounded overlap, 
specifically, 

sup Y_ Xq(^)<N, 

where N > 1 is a finite constant depending on n only. We call such partitions local. 

We shall prove a Reimann-Rychener-type local to global result. More precisely, in Theorem 3.1, 
we show that there exists a positive constant C, depending on n, p, and A, such that for all 

f G L^G) 

/CnG)<C/C^,„JG). 

In the second part of the paper, we consider necessary and sufficient conditions for Euclidean 
domains to support the weak-type inequality (1.2). Our main results are stated in Theorem 4.1 
and Theorem 5.1. 

Acknowledgment. The authors would like to thank Juha Kinnunen for valuable discussions on the 
subject and for pointing out the reference [2]. The authors would also like to thank Juha Lehrback 
for pointing out [8, Lemma 6] to us. 

2. Notation and preliminaries 

Throughout the paper, a cube Q in 1.^ is a closed cube with sides parallel to the coordinate 
axes. For a cube Q, with side length £(Q), and for A > 0, we write the dilated cube, with side 
length M[Q], as AQ. We write Xa fof the characteristic function of a set A, the boundary of A 
is written as 9A, and |A| is the Lebesgue n-measure of a measurable set A in W^. The integral 
average of f G L]'o(,(R"^) over a bounded set A with positive measure is written as fA, that is. 



f A = f f dx = i 

/A 



f dx, 

A 



|A| 

Various constants whose value may change even within a given line are denoted by C. 

The family of closed dyadic cubes is written as V. We let Vj be the family of those dyadic 
cubes whose side length is 2^, j G Z. For a proper open set G we fix its Whitney decomposition 
W(G) C V, and write Wj(G) =VjnW{G]. For a Whitney cube Q G W(G) we write Q* = |Q. 
Such dilated cubes have a bounded overlap, with upper bound depending on n only, and they 
satisfy 

3 

(2.1) -diam(Q) < dist(x,9G] < 6diam(Q), 

whenever x G Q*. For other properties of Whitney cubes we refer to [16, Vl.l]. 
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For a bounded domain G in R."^, we will construct a chain of cubes 

C(Q) = (Qo,...,QOc W(G), 

joining Qo and Q = Q^, such that Qt Qj whenever i ], and there exists a positive finite 
constant C — C{n) for which 

(2.2) |QfnQf_J>Cmax{|Qf|,|Qr_J} 

with each j G {1, . . .,k}. A given family {C(Q) : Q G W(G)} with a fixed Whitney cube Qo is a 
c/?a/n decomposition of G. A stiadow of a Whitney cube R G W(G) is the set 

5(R)={Qg W(G): RgC(Q)}. 

Let us recall the definition of John domains. The condition in Definition 2.3 was first used by 
John in [10]. 

2.3. Definition. A bounded domain G in R."^, n > 2, is a Jolin domain, if there exist a point Xq G G 
and a constant |3g > 1 such that every point x in G can be joined to Xq by a rectifiable curve 
y : [0, £] G parametrized by its arc length for which y(0] = x, y(£) = Xq, ^ < (3^ diam(G], 
and for all t G [0,£], 

dist(y(t),aG) > t/|3G. 

The point xq is called a Jolin center of G, and the smallest constant |3g > 1 is called the John 
constant of G. 

Bounded Lipschitz domains and bounded domains with the interior cone condition are John 
domains. Also, the Koch snowflake is a John domain in the plane. Observe that the John constant 
is invariant under scaling and translation of G. 

The following observation concerning a given John domain G will be relevant to us. There 
exist a positive number s = s(n, |3g] < ti and a constant C = C(n, (3g) > 0, such that 



(2.4) 



dist(x,aG)^-^dx< Cr' 

B{y,r) 



for every ij G 9G and for every r > 0. Inequality (2.4) is essentially covered by [8, Lemma 6], but 
it is also an immediate consequence of the following three facts: 

(1) the boundary 9G of a John domain is porous in R."^; 

(2) the Assouad dimension of a porous set in R"^ is strictly less than n, [13]; 

(3) the Assouad dimension of 9G coincides with the Aikawa dimension of 9G; we refer to a 
recent paper [12]. 

Indeed, by (l)-(3), the Aikawa dimension of 9G is strictly less than n, and inequality (2.4) follows. 
The fact that both s and C can be chosen, depending on n and |3g only, is straightforward but 
tedious to verify. We omit the details. 

The following proposition provides a chain decomposition of a given John domain. From now 
on, any reference to a chain decomposition will be to the one presented in Proposition 2.5. 
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2.5. Proposition. (Chain decomposition) Suppose 1 < p < cxd and G is a Jolin domain in W^. 
Ttien ttiere exist constants cr, t G N and a ctiain decomposition {C(Q): QGW(G)}ofG witti 
ttie following conditions (l)-(3): 

(1) £(Q) < 2^£(R) for each R G C(Q) and Q G W(G); 

(2) tt{R G Wj(G) : R G C(Q)} < 2^ for each Q G W(G) and j G Z; 

(3) r/?e following inequality holds, 

1 oo 

sup sup Y_ y~ |QKt:+ 1 +k-j)T' < CT. 

Qe<S(R) 

Furthermore, the constants o and t depend only on n, p, and t/?e Jo/?n constant |3g- 

Proof Let us first construct a chain decomposition of G. We fix a Whitney cube Qo containing 
the John center Xo of G. Let Q G W(G) and let us fix a rectifiable curve y that is parametrized 
by its arc length and joins the midpoint Xq of Q and Xq. 

First assume that Q fl Qo 0. Then, we join xq to the midpoint Xq^ of Qo by an arc that is 
contained in QuQo and whose length is comparable to £(Q). Otherwise there is r > such that 
y(r) lies in the boundary of a Whitney cube P that intersects Q and y(t) belongs to a cube that 
is not intersecting Q whenever t G (r, £(y)]. Join xq to xp by an arc whose length is comparable 
to £(Q) and is in Q U P. We iterate these steps with Q replaced by P, and we continue until we 
reach Xq^. Let yg be this composed curve parametrized by its arc length. 

It is straightforward to verify that there is a constant p > 1, depending on n and |3g, such 
that for every t G [0, £(yQ)], 

(2.6) dist(yQ(t),9G) >t/p. 

Let C(Q) be the chain consisting of cubes R G >V(G) such that the midpoint Xr = ygftp) for 
some tR G [0,£(yQ)]. 

We verify that this chain decomposition of G satisfies conditions (l)-(3). 

Condition (1): Let Q G W(G) and R G C(Q). Clearly, we may assume that R ^ Q. Hence, 
if yQ(tR) = Xr, then by inequalities (2.6) and (2.1), 

£(Q)/2 < tR < pdist(yQ(tR),9G) = pdist(xR,aG) < 6p Vti£(R) . 

Condition (2): Let Q G W(G) and j G Z. Let Ri, . . . , Rm G Wj(G) be cubes such that 
Ri G C(Q) for every i G {1 , . . . , M}. We number these cubes in the same order as yg hits their 
midpoints. In particular, ifyQ(t) =Xr^, then yQ([0, t]) joins the midpoints of M cubes whose 
side length is 2-\ By (2.6) and (2.1), 

(M- 1)2"' < t < pdist(yQ(t),9G) = p dist(xR^, 9G) < 6p^2-\ 

It follows that M < 6p 1, hence we obtain condition (2). 

Let us fix T = T(n, |3g) G N for which both conditions (1) and (2) are valid. 
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Condition (3): Let us first prove that there is a constant C = C(rL, (3g) > such that, for 
each R e W{G), 

(2.7) U QcB(ijR,a(R]], 

Qe5(R) 

where i|r G 9G is any point satisfying |xr — ijrI = dist(xR, 9G). Consider any cube Q G S[R). 
Since R G C(Q], there is tR G [0, ^Iyq)] such that xr = yQ(tR). Hence, if x G Q, 

Ix-ijrI < |x-xq| + |xq -xrI + |xr -yRl . 

Observe that |x — xq| < diam(Q) < 2'^diam(R) and |xr— ijrI < 6diam(R). By inequality (2.6), 

|xq -xr| = |yQ(0) -yQ(tR)| < tR < pdist(yQ(tR), 9G) < 6pdiam(R) . 

Relation (2.7) follows from the previous estimates. 

Let e = n — s > 0, where s = s(rL, (3g) is given by (2.4); recall that s is related to the Aikawa 
dimension of dG. Fix j G Z and R G >Vj(G). Then, if k > j - t and Q G >Vk(G], 

where C = C(e,p) > 0. By inequality (2.8), 

L L ij^) (T+i+i<-jF<c2-£(R)-(--5 Y_ i[Qr-\ 

k=j-TQ6Wk(G) ^ ^ Qe5(R) 

Q6<S(R) 

On the other hand, by (2.1), (2.7), and (2.4), we may conclude that 



Q65(R) 



dist(x,9G)'"''dx< C£(R)^"% 

B[yR,a(R)] 



where C = C(n, e, |3g] > 0, and condition (3) follows. □ 

3. A LOCAL TO GLOBAL RESULT 

In this section, we prove the following Reimann-Rychener-type local to global result. 

3.1. Theorem. Suppose G is a proper open subset ofW^, n > 2. IffEV [G) and 1 < p < oo, 
then 

/CnG)<C/C^,„JG), 
where a positive constant C depends on n, j), and A. 

Let us begin with a preliminary lemma, which is useful also in Section 4. 
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3.2. Lemma. Let H be a John domain in R^, f eV (H), and 1 < p < oo. Then 



. Jh 



x] - f Q. I dx I + 



£|f(x)-fH|dxj 



QeW(H) 

where Qo /s t/?e /yxed cube in the chain decomposition of H. Moreover, a positive constant C 
depends on n, p, and the John constant |3h. 



Proof. Observe that 

|f(x]-fH|dx<2 



-fQsl dx 



(3.3) <2 }I |f(x)-fQ.|dx + 2 }2 |Q||fQ*-fQs|. 

QeW{H)''Q* QeW{H) 

Let us estimate the first term on the right-hand side in (3.3). By Holder's inequality, 



QgW(H) 



Q* 



|f (x) — fq. I dx 



(3.4) 



< C 



/ \ i/p' 

L IQI 

VQeW(H) 



L IQiff |f(x)-fQ,|dx)' 



1/p 



, QeW(H) 









< C|Hf/P' 


L IQl( 


^Jf(x)-fQ.|dx^ 




\QeW(H) 





1/p 



where p' = p/(p — 1 ) is the conjugate exponent to p. 

To estimate the second term on the right-hand side in (3.3), we use a chain C(Q) = (Qo, . . . , Qk) 
joining the cube Qo to Qi^ = Q G W(H). Hence, 

k 

(3.5) Y. IQI|fQ*-fQsl< 1_ IQlLl%-%-J- 

QeW(H) QeW(H) i=l 

Here, by property (2.2), for any i G {1 , . . . , k} 



<f |f-fQ.|dx+f |f-fQ. Jdx 



< C 



xl — f Q* I dx . 



ASPECTS OF LOCAL TO GLOBAL RESULTS 

By the fact that there are no duplicates in C[Q], i.e., Qi Qj if i j, we obtain 

k 



<eW[H] QgW(H] i=l ^Qj" 

<c Y \Q\ Y_ -f \fM-hAdx 

qgW(H] ReCiQ]^^'' 

c y r iQi f if(x)-fR,|dx 



< 

ReW(H) Qe5(R) 



< 



c L 



If (x) - fR. I dx , 



ReW(H) 



where the last inequality is a consequence of inequality (2.7). We may estimate as in connection 
with (3.4). This completes the proof. □ 



ff ifixi-fQidxV Y_ inff if(x) 



3.6. Remark. The following inequality, interesting as such, follows from Lemma 3.2. Let Q be a 
cube and f G L^(Q). Then, for every 1 < p < oo 

fR.ldxl 

ReW(Q) ^ 

where W(Q) refers to Whitney decomposition of the interior of Q and C is a positive constant 
depending only on n and p. 

Proof of Theorem 3.1. Let us fix an admissible partition V[G) of G into cubes. For each cube 
Q G V[G) we form a local partition V\oc[Q) = {R* : R G W(Q)}. We write 

^loc(G)= U P|oc(Q]. 

qeV(G) 

It is straightforward to verify that V\oc[G) is a local partition of G. In particular, for each 
R* G ^ioc(Q) with Q G V{G], the inclusions AR* C Q C G are valid for 1 < A < ^. 
By applying Remark 3.6 and observing that for each R* G 'P\oc[G) there is at most one cube 
Q G V[G) such that R* G "PioclQ), we obtain 

Y_ iQifj^ifixi-fQidxV 



< 



c Y_ T. iR*i (f ifw-fR-idxV 

C Y. |Rl(f |fW-fR.|dxy <C/C[,,„JG). 



R'ePioctG] 

The proof is completed by taking the supremum over all admissible partitions ViG). □ 
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3.7. Remark. The construction of the Whitney decomposition that is described in Section 2 yields 
Theorem 3.1 for all 1 < A < y. A simple modification of the definition for dilated cubes Q* 
allows one to extend this range to every 1 < A < |. It possible to use the general Whitney 
decomposition based on Stein [16, pp. 167-170] in order to obtain the result for any A > |. 

4. A SUFFICIENT CONDITION FOR A WEAK- TYPE INEQUALITY 

In this section, we show that cubes can be replaced by John domains in inequality (1.2). 

4.1. Theorem. Suppose that G is a John domain in MJ^. Iff E (G) and 1 < p < oo, then the 
following weak-type inequality is valid 

ctP|{xgG: |f(x)-fG|>cT}|<C/C^^,„JG) 
for all a > 0, where a positive constant C depends on n, p, A, and the John constant |3g. 

Proof Recall that Qo is a fixed cube which is used to construct a chain decomposition of G, see 
Proposition 2.5. By the triangle inequality for each x G G, 



IfW-fel < |fQs-fG| + 



QeW(G) 



QeW(G) 

=: gi(x) + giix) + gs{x) . 
Hence, for a fixed a > 0, we have 

ffT'Kx G G : |f(x) -fcl > ct}| < G^F^[(r] + a^FifcT) + a^Fslff 
where we have written 

Fj(cT) = |{xG G : gj(x)>a/3}| 
for j G {1,2,3}. We shall next estimate these three terms. 

I^QS "^gI < o'/3, then Fi(ff) =0. Otherwise, by Lemma 3.2, 

^ ',oc(G). 

QeW(G) 

Let us focus on the term cr^FziG). By applying inequality (1.2), 
(tPF2((t) = Y_ °"'K^ e i"t(Q) : g2[x] > a/3}\ 

QeW(G) 

< Y. c^^KxgQ*: |f(x)-fQ*|>a/3}|<C3P Y. ^HQ*) < C/C^,,oc(G). 

QeW(G) Q6W(G1 

Let us estimate the remaining term CTi'F3(ff) as follows 

a^F,[(y) = (x^ Y ^ i"t(Q) : Kq. -fq^l > a/3}| 

QeW(G) 



ai^Fi(cT]<3P|G|[-P|f(x]-fQs|dx]'<C Y ^HQ*) < C/C^,, 
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Y_ a^\Q\<y Y. IQI|fQ*-fQsl 

QeW(G) 



QeW(G) 
|fQ,-fQ.|>a/3 



Estimating as in connection with (3.5), we end up having 



/ y 

|fQ.-fQSr<C| Y_ f |fW-fR*|dx . 



We use condition (1) of the chain C[Q) in Proposition 2.5. Then we write for j < k + T 

1 = (t+1 +k-j)-UT+l +k-j), 
apply Holder's inequality, and finally use inequality 

k+T 

sup y~ (t + 1 + k - < oo , 

kGZ — 

j=— oo 



to conclude that 



k=-oo QeWk(G) 



k+T ^ 



V 



x) — f R. I dx 



(4.2) 



j=-oo ReWj(G) ' 

V ReC(Q) 

C!0 k+T 

k=-ooQeWk(G) i=-oo 



V 



x] — f R. I dx 



ReWj(G) 

V ReC[Q] 



By condition (2) in Proposition 2.5 and Holder's inequality, for any Q G W(G) and j G 



x] — f R* I dx < 



(4.3) 



ReWj(G) 
ReC(Q) 



ReWj(G) 



1/p' 



1/P 



If-fp 



< c 



ReWj(G) 
V RGC(Q) 

\ 1/p 



^ |R*| 
V ReC(Q) 
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If we substitute the estimate obtained in (4.3) to (4.2), and observe that R G C(Q) if and only if 
Q G SIR], we bound (J^F^la) as follows 

oo k+T r'P/'T?*! 



k=-ooQeWk(G) j=-oo RGWj(G) 

ReC{Q) 



R* 



= cL L ^ iQKT+i+k-j)p 

j=-ooReWj(G) ' ' k=j-TQeWk(G) 

Qe5(R) 

oo 

j=-oo RGWj(G) 

where we used condition (3) in Proposition 2.5. The claim follows. □ 

We formulate the preceding theorem for locally integrable functions; the proof is otherwise the 
same, but term gi is omitted and we choose c = fq*. 

AA. Theorem. Suppose that G is a John domain in R"^. If f E L]^^[G) and 1 < p < oo, then 
the following weak-type inequality is valid 

(4.5) inf supo-^Kx G G : |f (x) - c| > ct}| < C/C^i„JG) , 



where a positive constant C depends on n, p, A, and the John constant (3g- 

5. Necessary conditions for a weak- type inequality 

We study necessary conditions for the validity of weak-type inequality (4.5) on domains. In 
Theorem 5.1, a necessary condition is formulated in terms of a Poincare inequality. Corollary 5.6 
addresses the necessity of the John condition. 

5.1. Theorem. Suppose that Ti/(n — 1 ] < p < cxd, and that G is a bounded domain in R^, 
n > 2, for which the inequality 

(5.2) inf supcT^Kx G G : |f(x] -c| > a}| < C/C^|„JG] 

CGR a>0 

holds for all f G L|oj,(G). Then G satisfies the (q*, q]-Poincare inequality (5.4) with p = q* = 
nq/('rL— q), where 1 < q < n. 

Proof It is enough to verify that G satisfies the weak (q*, q)-Poincare inequality. That is, for all 
locally Lipschitz functions f in G, 



(5.3) inf sup CT^* |{x G G : |f (x) - c| > 0}| < C 

CGR (,.>o 



qVq 



|Vf(x)P dx 
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By applying inequality (5.3) and [7, Theorem 4], we may conclude that G satisfies the (q*,q)- 
Poincare inequality: 



(5.4) 



|f(x) -fcP* dx < C 



q*/q 



|Vf(x)Pdx 



where f is in the Sobolev space W^'^^fG). 

Therefore, let us prove inequality (5.3). This will be a consequence of the (q*, q)-Poincare 
inequality on cubes in G. Namely, there is a local partition Pioc(G] such that 



inf sup |{x G G : |f (x) 

CT>0 



c > 



ct}|<C Y. IQiff |fW-fQ|d^) 



q* 



<c £ 

QePioc(G)' 

<c £ 



|f(x) 



P dx 

\ q*/q 



|Vf(x)|^ dx 



Since q*/ q = 11/(11 — q) > 1 , we obtain the desired inequality (5.3). 



□ 



5.5. Remark. We may also conclude the following weak fractional Sobolev-Poincare inequality. 
Suppose that inequality (5.2) holds for all f G l-|oc(G) with rL/(n — 6] < p < 00 and 6 G (0, 1 ). 
By estimating as in the proof of Theorem 5.1, and applying [9, Theorem 4.10], we find that 



inf sup a''*' |{x G G : If fx) 

ceR ^>t) 

,*,6 



c| > all < C 



|f(x)-f(y)r 
|x--y|i^+sq 



q*'Vq 



dy dx 



for all f G L|„^(G], where p = q*'^ = nq/(rL — 5q) and 1 < q < n/S. 



We recall from [3, Definition 3.2] that a domain G with a fixed point xq satisfies a separation 
property if there exists a constant Co such that for each x G G there is a curve y joining x and 
Xq in G so that for each t either 

y([0,t]) c B:=B(y(t),Codist(y(t),R"\G)) 

or each y G y([0, t]) \ B belongs to a different component of G \ 9B than xq. As an example, 
for simply connected planar domains, the separation property is automatically valid. 

The following corollary is a consequence of Theorem 4.4, Theorem 5.1, and [3, Theorem 1.1]. 

5.6. Corollary. Suppose that G is a bounded domain in R^, n > 2, satisfying a separation 
property. Assume furttier ttiat n/(rL — 1 ) < p < 00. Ttien ttie weal<-type inequality 

inf supcT^Kx G G : |f(x) -c| > a}| < C/C^|„JG) 

CGR o.>o 

iiolds for every f G L|q^(G) //, and only if G is a John domain. 
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